One contribution of 12 to a theme issue 'Loschmidt echo and time reversal in complex systems' .
Introduction
Loss of fidelity and decoherence are the twin obstacles to successful applications of quantum information devices. Theoreticians like to consider the two separately, while in practical situations both will have destructive effects on the quantum information flow. In this spirit, it is important 2016 The Author(s) Published by the Royal Society. All rights reserved. to propose a functional definition for the fidelity, or better the fidelity amplitude, of an open system. To achieve this we shall build on previous work. Almost 20 years ago, a measurement of the fidelity amplitude in a quantum system was proposed [1] , though the word itself was not mentioned. A more detailed presentation for a kicked rotor followed years later [2] , simultaneously with an extensive discussion of the theoretical framework [3] . The experiment for the kicked rotor was performed successfully in [4] . The basic idea is that pure dephasing between a qubit and some system will cause the off-diagonal elements or coherences of the density matrix of a pure superposition state of the qubit to decay like the fidelity amplitude of the remaining system. Our proposition is to follow exactly the same reasoning in the case where the remaining system is open, and thus interpret the decaying coherences as a generalized fidelity amplitude of the intermediate system.
For this purpose, we have to consider a situation discussed in a previous paper [5] , where a central system coupled to two nested environments is analysed to determine the effect of a far environment on the coherence of a central system not interacting directly with the far environment. The intermediate system or 'near environment' would then be the open system we are analysing using the qubit as a probe and as the source of the perturbation causing the fidelity decay in the absence of the far environment.
Our paper will thus fulfil a double purpose: on the one hand, we shall introduce a generalized fidelity amplitude and study its behaviour in a 'quantum chaotic' setting. On the other hand, we shall deepen the understanding of the stabilizing effect on the central system of the coupling of the near environment to a far environment. Note that in a previous paper [5] we introduced pure dephasing between the central system and the near environment, as a simplifying approximation to facilitate calculations, but for the present context this is an essential feature needed in order to establish the relation to fidelity decay of a closed system.
Considering the near and far environment as one closed system, the fidelity amplitude may be expressed as the expectation value of an echo operator [6] , which describes the forward and backward evolution of an initial state with somewhat different Hamiltonians. In this paper, we shall derive a master equation which describes this echo dynamics reduced to the near environment alone. This master equation has the typical structure of master equations of the Kossakowski-Sudarshan-Lindblad form [7, 8] (henceforth referred to as the Lindblad equation) and reduce to Lindblad form when the coupling to the central system becomes zero.
We then consider the random matrix model used in [5] . In that case, the master equation becomes very simple and allows us to obtain a closed integral equation for the generalized fidelity amplitude. We compare the solution of the integral equation with the generalized fidelity amplitude obtained from numerical simulations, and thereby show that the new integral equation applies for a very broad range of coupling strengths between the near and far environment. While the random matrix model used here is much simpler than the one used in [5] , its effect on the fidelity amplitude is typically indistinguishable.
In the next section, we shall fix notations and obtain the general master equation for describing the reduced echo dynamics in the near environment. At the end of this section, we derive the master equation for the random matrix model, which is largely equivalent to the model considered in [5] . In §3, we compare the generalized fidelity amplitude obtained from the new integral equation with numerical simulations, and in the last section we draw conclusions.
Model
In this section, we describe the model in general. The full system consists of three parts: the central system, the near environment and a far environment. In the following section ( §2a) we start from a Hamiltonian formulation and perform partial traces in order to obtain the reduced dynamics either in the central system or in the near environment. Assuming a dephasing coupling between the central system and the near environment, we can obtain the temporal evolution of the reduced density matrix in the central system, in terms of an asymmetric unitary evolution (perturbed echo dynamics) in the composite environment. In §2b, we then use the standard Born-Markov approximation to trace out the far environment, and thereby arrive at a master equation for the reduced echo dynamics in the near environment alone.
(a) Hamiltonian formulation
For the coupling between the central system and the near environment, we assume that it is of the dephasing type, i.e. that it is given by a single product term, where the factor acting in the central system commutes with the Hamiltonian describing the dynamics in the central system. Thus, the Hamiltonian for this part is given as
This leads to the following expression for the time evolution of the reduced density matrix in the central system [1, 3] :
which yields for its individual matrix elements (coherences)
Here, we use the common eigenbasis of h c and v c to express c (t), and, therefore, the energies ε j and ε k are simply the corresponding eigenvalues of h c . In what follows we will focus on only one such matrix element, and therefore suppress the indices j, k from now on. We thus set
4)
which implies that λ = ν j − ν k (the quantities ν j are the eigenvalues of v c ). This shows that, under dephasing coupling, the decoherence in the central system is given by the decay of the fidelity or Lohschmidt echo in the near environment. Turning the argument the other way around, this shows that it is possible to measure fidelity amplitudes by coupling the system of interest (i.e. the near environment) to a probe system, which at the same time provides the perturbation. Such experiments have been proposed and recently realized in different settings using atom interferometry [1, 2, 4, 9] .
(i) Including the far environment
We now extend the model to include a far environment. We assume the far environment to be as simple as possible and that it can be taken into account implicitly in the form of a quantum master equation. Hence, we write for the Hamiltonian of the full tripartite system
where Γ = 2π N e γ 2 /(hd f ) [5] . Here, V e and V f are normalized in such a way that γ 2 gives the magnitude squared of a typical matrix element of the coupling term between the near and far environment. With d f being the average level spacing (i.e. the inverse level density) in the spectrum of H f , we see that Γ is just N e times the corresponding Fermi golden rule transition rate [10, 11] . Finally, Γ itself is related to the decoherence rate for a superposition of N e states in the near environment. In the simplest case (see §3), 2Γ is precisely the decay rate of the purity in the intermediate system, in the case where the coupling to the central system is set to zero. Within the Hamiltonian model described by H λ,Γ , the coupling to the far environment requires the following modification to the expression for the fidelity amplitude given in equation (2.3):
Differing from the standard formalism, the unitary operators on the left-and on the right-hand side of the initial state are different. This is why the trace may decrease in time, leading to the loss of coherence for superposition states in the central system [5] . 
(b) Master equation for the echo dynamics
We follow the standard derivation of the Born-Markov approximation (see, for example, Sec. 3.3 of [12] ). However, due to the asymmetric unitary transformation implied in equation (2.6), the following derivation requires some care. Let us denote the solution in the Hilbert space of the near and far environment as
and thereby introduce X(t) as the solution in the interaction picture with respect to the coupling between the near and far environment. From the von Neumann equation for e,f (t), that is,
The aim of the Born-Markov approximation (to be worked out next) consists in obtaining a master equation for the reduced dynamics in the near environment alone. That is, an evolution equation for e (t) = tr f [ e,f (t)] which may not be considered a real quantum state, since, for the reasons discussed above, e (t) is neither Hermitian nor trace-preserving. This quasi-density operator is related to X(t) as follows:
we find
(2.12)
(i) Born-Markov approximation
Now, we will formally integrate the differential equation for X(t), equation (2.9), and plug the result back into its right-hand side
The next step consists in taking the partial trace with respect to the far environment. In doing so, we will assume that the first term, which comes before the integral over τ , will not contribute, i.e. tr f [Ṽ λ (t) e,f (0) − e,f (0)Ṽ 0 (t)] = 0. While this is true in the random matrix model, in general it might be necessary to take this term into account. Even then it does not present any difficulty, as the term is known beforehand. With˜ e (t) = tr f [X(t)], we find Here, we perform the two crucial approximations: (i) the Born approximation, which assumes that the influence of the near environment on the state of the far environment is negligible: X(τ ) ≈ e (τ ) ⊗ f (0), and (ii) the Markov approximation that the state of the near environment˜ e (τ ) is changing slowly on the time scale of the correlation functionṼ λ (t − s)Ṽ λ (t). We finally assume that theṼ λ (t − s)Ṽ λ (t) quickly approaches zero as s increases, so that
This equation is the equivalent of the so-called Redfield equation [13] . Next, we will consider each term separately and take advantage of the fact thatṼ λ (t) is a tensor product operator with respect to the near and the far environment,
. It is now natural to assume that f (0) is diagonal in the eigenbasis of H f , i.e. [ f (0), H f ] = 0 (this would be the case for a thermal state). Then we find In the simplest case, C(s) may be approximated by a delta function, such that Γ λ = C 0 V e /2, where C 0 is the area under the function C(s), and the factor 1/2 comes from the fact that the integral goes only over the positive half-axis. In this case, the master equation (2.17) is of Lindblad form with the Hermitian Lindblad operator √ C 0 V e . Note, however, that there are many interesting cases where C(s) has a different functional behaviour, which then yields a rather unusual dissipation term.
(ii) Random matrix theory model
We use here the approach of constructing the average density matrix proposed in [14] rather than calculating properties for each member of the ensemble and averaging these properties afterwards. For details, see [15, 16] . Let us assume that the master equation derived above is of Lindblad form with a single Lindblad operator V e . Then, we may choose C 0 = 1 without restriction. Let us further assume that V e is a fixed member of the Gaussian orthogonal ensemble (GOE) or the Gaussian unitary ensemble (GUE). This may be justified for an environment dominated by chaotic dynamics or disorder. The Born-Markov approximation used above implies some coarse-graining in time, i.e. averaging over a small time interval. Assuming ergodicity, this averaging may be replaced by averaging over the random matrix ensemble. In the case of the Gaussian ensembles, it is then enough to use the fact that V eij V ekl = δ jk δ il (GUE) The dissipation term of this equation had been obtained previously for a random matrix model where the coupling matrix is a full random matrix in the product Hilbert space of the near and far environment [14] . Note that equation (2.12) implies
(2.20)
(c) Evolution equation for the generalized fidelity amplitude
To solve the master equation (2.19) , we return to the interaction picture and separate off the exponential decay from the solution,
We now consider the corresponding integral equation
Eventually, we are only interested in the generalized fidelity amplitude f λ,Γ (t). It is then convenient to derive an evolution equation for φ λ,Γ (t) directly. To this end, we multiply the above integral equation with M λ (t), and take the trace. This yields The first term on the r.h.s. is just the fidelity amplitude in the near environment without coupling to the far environment. We will denote this function as f λ (t) = f λ,0 (t). The term N −1 e tr e [M λ (t − τ )] is the same type of fidelity amplitude, just that here the initial state is the maximally mixed state 1/N e . We will denote that function byf λ (t). In the numerical simulations in §3, we will assume that e (0) is the same maximally mixed state, such that f λ (t) =f λ (t). Thus, we may write
(2.25)
Since the integral in this expression is precisely equal to the convolution of the functionsf λ (t) and φ λ,Γ (t), the equation can be solved formally by a Laplace transformation [17] . This leads to Terminating the series at first order in Γ leads to the approximate expression for f λ,Γ (t) derived in [5] . In practice, it is more convenient to solve the integral equation directly using a numerical equal step size integration scheme. The theoretical curves compared with random matrix calculations in the following section are obtained via the trapezoidal rule. We note that the larger the Γ the smaller the required step size, which does not allow a straightforward exploration of the large Γ limit. 
Numerical results
In this section, we verify the integral equation (2.25) for the generalized fidelity amplitude, when the coupling to the far environment can be described by an unitarily invariant dissipation term; see equation (2.19) . We have shown that this situation occurs when the dynamics in the near environment can be described by a random matrix ensemble, for instance in the case when the quantum chaos conjecture applies. For the numerical simulations, we use the methodology of Moreno et al. [5] , writing the evolution equation for e (t) in super-vector and super-matrix form, and solving the resulting system of differential equations by diagonalization. Since the number of equations is of order N 2 e , we are restricted to relatively small dimensions, N e = 50. For each case, we perform three independent numerical averages over n run = 1000 realizations. This allows us to estimate (roughly) the statistical uncertainty of the numerical results.
To obtain a solution of the integral equation, we employ the method explained at the end of the previous section, which is, as far as precision and computer workload are concerned, equivalent to direct numerical integration. Hence, for not too large values of Γ , we can obtain highly accurate results in very short computation times. For the model considered, the fidelity amplitude f λ (t) without the far environment would be given by the universal random matrix result first derived in [18] . However, for simplicity, we use the exponentiated linear response formula from Gorin et al. [19] .
We consider two different strengths of the dephasing coupling. In figure 1 , this is λ = 0.1, which corresponds to the cross-over regime where the decay of f λ (t) is intermediate between exponential and Gaussian decay. In figure 2 , λ = 0.02, which corresponds to the perturbative regime where the decay of f λ (t) is dominantly Gaussian. In both figures, the time scales are chosen such that the Heisenberg time is at t = 2π .
In order to compare the theoretical prediction with the numerical simulations on a finer scale, we will plot the difference between the generalized fidelity amplitude f λ,Γ (t) and the fidelity amplitude f λ (t) = f λ,0 (t) without coupling to the far environment.
In figure 1 , we can clearly see the influence of the coupling to the far environment on the coherence measured in the central system. The effect scales with α = Γ /λ, which, in this figure, ranges from α = 0.1 to α = 1. Since the difference plotted is positive and increasing with α, we confirm the effect discussed in [5] : that increasing the coupling to the far environment stabilizes the coherence in the central system. We also observe that the theory obtained from equation ( In figure 2 , we repeat the comparison but for the case of λ = 0.02, which is well in the perturbative regime, where f λ (t) shows a Gaussian decay. Again we compare numerical simulations with the theoretical prediction from equation (2.25), for different values of α. Here, these values range from α = 0.0975 up to α = 5. In this range, the stabilizing effect of the coupling to the far environment is even stronger. However, we also observe that the theoretical prediction systematically overestimates the effect: the larger the α the larger the deviation. We suspect that these deviations might be a finite N e effect.
Conclusion
We have presented a generalized fidelity amplitude that starts out from the only direct measurement scheme for the fidelity amplitude [1] , which uses a central system as a probe for the echo dynamics in the environment. We open the system to be probed to an additional outer environment and consider the decay of coherences of the probe. This we define to be proportional to the generalized fidelity amplitude. While this ensures that the quantity is measurable, it remains to be investigated how it relates to other generalizations of fidelity to open systems, such as the one by Josza [20] .
We obtain a more general master equation, equation (2.17), which may be applied to integrable and non-integrable models for open quantum systems. The random matrix model considered here to illustrate our results is slightly different from the model considered in [5] , since there we considered the far environment to be a bath of harmonic oscillators described by the Caldeira-Leggett model of random Brownian motion [21] . Nevertheless, its effect on the near environment is equivalent and can be described by the same unique parameter Γ . We derived a new exact integral equation for the generalized fidelity amplitude, which constitutes significant progress compared with previous work. Expanding this equation to lowest order in Γ leads to the approximate analytical formula obtained in [5] . In §3, we find that its solution agrees with numerical simulations over a broad range of coupling strengths. This confirms the general experience that increasing the coupling between the near and far environment protects the coherence in the central system. 
